Summary of the Distribution Function Method
Let U be a function of the random variables Y1, ¥, ..., ¥,.

1. Find the region U = u in the (yi, ¥2, ..., ¥») space.

2. Find the region U < u,

3. Find Fy(u) = P(U < u) by integrating f(y1, ¥2, ..., y») over the
region U < u.

4. Find the density function fy (x) by differentiating Fy; (). Thus,
Jfuw) = dFy(u)/du.

method of transformation
Let Y have probability density function fy(y). If A(y) is either increasing or
decreasing for all y such that f¥(y) = 0, then I/ = h(Y) has density function
dh~! dh~!  dlA(u)]
du 2

} where

fu@) = fylh ' w)]

Summary of the Transformation Method
Let U = h(Y), where A(y) is either an increasing or decreasing function of y
for all y such that fy(y) > 0.

1. Find the inverse function, y = A~ (u).

dh~'  dlh' ()]
2. Evaluat - .
yalnate ] i

U
3. Find fy(«) by

-1

ful) = frn e |2
i

THEOREM 6.1

Let mx(¢t) and my(t) denote the moment-generating functions of random vari-
ables X and ¥, respectively. If both moment-generating functions exist and
mx(t) = my(t) for all values of ¢, then X and Y have the same probability
distribution.

THEOREM 6.2

let Yi,Y,...,Y, be independent random variables with moment-
generating functions my, (), my,(¢), ..., my,(t), respectively. f U = ¥; +
Y24-+-+4+Y,, then

my(t) = myl(t) X mYz(t) X2 X mYn(t).
THEOREM 6.3

LetY;, Ys,..., ¥, be independent normally distributed random variables with
E(Y;) = u; and V(¥;) = 02, fori = 1,2,...,n, and let 61,4az,..., G, be
constants. If

U — a;Y, =1+ alat---+anls,

n
i=1
then U is a normally distributed random variable with

n
£ - Za“”’f =ajp1 + a2 + -+ Gnpin

and i=1

n
V(U) =) alo} =alof +alo} +---+alol.
i=1



THEOREM 6.4

LetYi, Y,, ..., %, be defined as in Theorem 6.3 and define Z; by
Coaia

g;
Then }°7_, Z2 has a x? distribution with n degrees of freedom.

Summary of the Moment-Generating Function Method
Let U be a function of the random variables Y1, ¥3,..., ¥,.

1. Find the moment-generating function for U, my ().

2. Compare my (¢) with other well-known moment-generating functions. If
my(t) = my(¢) for all values of ¢, Theorem 6.1 implies that U/ and V
have identical distributions,

The Bivariate Transformation Method

Suppose that ¥; and ¥, are continuous random variables with joint density
function fy, v, (y1, y2) and that for all (y1, y;), such that fy, v,(y1, 2) > 0,

1 =hi(y1, y2) and w3 = ha(y1, y2)
is a one-to-one transformation from (y;, y2) to (#y, ¥2) with inverse

y1=h7' @, u2) and y; = hy'(u1, ua).

Tf by (1, up) and k5" (uy, u2) have continuous partial derivatives with respect
to u; and u, and Jacobian

ary'  oh!

du du ahilanyl  am;lam!
Fege| 0 | B3 T8 L g

dh; dh, du; dus duy Odus

31&1 3u2

then the joint density of U/; and U, is
foou, 1, u2) = fry, (BT Gy, u2), 3y, u2)) 141,

where | J| is the absolute value of the Jacobian.

THEOREM 6.5

LetYy,..., Y, be independent identically distributed continuous random vari-
ables with common distribution function F(y) and common density function
F (). I Y denotes the kth-order statistic, then the density function of Y, is
given by

'[F(Yk)]k_l [L— FO)I"* fOn),

—00 < Yy < G,

n!
gy Or) = (k—D!(n—k)

If j and & are two integers such that 1 < j < k < n, the joint density of ¥ and
Y 03] is given by

n!
g ek 1 -ntir &
x [F(ye) — Fopl7 x [1 = FOOI"™* f(3;) fOw),

—00 < Yj < Yi < 00.

8w (s ) = [F ()1



THEOREM 7.1

Let ¥, ¥5,..., Y, be a random sample of size n from a normal distribution
with mean p and variance o2, Then

:_ZY

is normally distributed with mean uy = y and variance o2 = 2/n.

THEOREM 7.2

let Yy, ¥5,...,Y, be defined as in Theorem 7.1. Then Z; = (Y; — p)/o are
independent, standard normal random variables, i =1, 2,...,n,and

>7=) (" noey

has a x? distribution with n degrees of freedom (df).

THEOREM 7.3

LetY;, Ys,...,Y, be a random sample from a normal distribution with mean
 and variance o2, Then

. el
(n—1s? 1)s 120, .

has a 2 distribution with (n — 1) df. Also, ¥ and §? are independent random
variables.

DEFINITION 7.2
Let Z be a standard normal random variable and let W be a x2-distributed
variable with v df. Then, if Z and W are independent,

z
W/iv

is said to have a t distribution with v df.

T —

THEOREM 7.4

Central Limit Theorem: Let ¥y, 15, ..., ¥, be independent and identically
distributed random variables with E(¥;) = u and V(¥;) = 02 < oo. Define

Py Y -
Li=t e b where ¥ = Z ¥;.
a/n o/\/n R 4=

Then the distribution function of U, converges to the standard normal distribu-
tion function as » = oo. That is,

L, =

5 - 1 —!2/2
nl_li]élo P(Un < u) = -/;m Ee dt for all u.



DEFINITION 8.2

Let § be a point estimator for a parameter 6. Then § is an unbiased estimator
if E(6) = 0.1f E(@) + 6, 0 is said to be biased.

DEFINITION 8.3

The bias of a point estimator dis given by B = E)) — .

DEFINITION 8.4

The mean square error of a point estimator € is

MSE@#) = E[(@ — 8)*].

DEFINITION 8.5

The error of estimation ¢ is the distance between an estimator and its target
parameter. That is, e = |§ — 8.

Summary of Small-Sample Confidence Intervals for Means of Normal
Distributions with Unknown Variance(s)

Parameter Confidence Interval (v = df)
Yt ( . ) v=n-—1
® /2 ﬁ ; — .

e 1 1
#1— Y2 (Y1 —Ya) ttappSp/ — + —,
ni na

where v =ny +n; — 2 and

o (n1 — 1)82 + (ny — 1)52
2 nit+n—2

(requires that the samples are independent and
the assumption that 0 = o2).

A 100(1 — @)% Confidence Interval for o2

((n—1)52 (n—l)Sz)
X.f/z ; X12—(a/2)




DEFINITION 9.1

Given two unbiased estimators &; and &, of a parameter 6, with variances

V(8,) and V(8,), respectively, then the efficiency of 8; relative to &, denoted
eff (51 , 92), is defined to be the ratio

o @r, &) = %.

DEFINITION 9.2

The estimator &, is said to be a consistent estimator of @ if, for any positive
number &,

lim P(8, -8 <e)=1
n—>00
or, equivalently,
lim P(|8, — 6| > &) = 0.
n—00

THEOREM 9.1

An unbiased estimator 8, for 8 is a consistent estimator of 8 if

Tim V@, =0.

THEOREM 9.1a

An estimator 8, for 8 is a consistent estimator of 8 if
lim(V (8,) + B(6))= 0.
n—>0C

THEOREM 9.2

Suppose that §, converges in probability to 8 and that 9; converges in probability

to 8'.

a 6, + ! converges in probability to 8 + 6’

b 8, x 8! converges in probability to 8 x .

¢ If6' #0,8,/8 converges in probability to 6/’ .

d If g(-) is a real-valued function that is continuous at 8, then g(@,,) converges in
probability to g(8).

THEOREM 9.3

Suppose that U, has a distribution function that converges to a standard normal
distribution function as n — 0. If W, converges in probability to 1, then the

distribution function of U, /W, converges to a standard normal distribution
function.

DEFINITION 9.3

LetYy, Y5,..., ¥, denote arandom sample from a probability distribution with
unknown parameter 6, Then the statistic U = g(¥1, ¥3,..., ¥,,) is said to be
sufficient for 8 if the conditional distribution of Y3, Y3, ..., Y., given U/, does
not depend on 8.



DEFINITION 9.4

Let yi, y2,..., ¥» be sample observations taken on corresponding random
variables Y1, Y, ..., Y, whose distribution depends on a parameter 6. Then,
if ¥y, ¥5,..., Y, are discrete random variables, the likelihood of the sample,

L(y1, ¥2,-.., ¥u | 8), is defined to be the joint probability of y1, y,..., yu.
IfYy, Ys,..., ¥, are continuous random variables, the likelihood L(¥y1, va,...,
¥a | @) is defined to be the joint density evaluated at y1, ¥2,..., Y-

THEOREM 9.4

Let U be a statistic based on the random sample ¥y, ¥5,..., ¥,. Then U is a
sufficient statistic for the estimation of a parameter & if and only if the likelihood
L{#) = L(v1, y3, - - . , ¥n | B) can be factored into two nonnegative functions,

L(yl’st"'!ynlg) =g(u’8) Xh(yl: Y2, ..., yn)

where g(u,8) is a function only of # and 6 and A(y;, ¥3,...,¥,) is not a
function of 4.

THEOREM 9.4a

Let U be a statistic based on the random sample Yy, ¥3,..., ¥,. Then U is a jointly
sufficient statistic for the estimation of a parameters 6, and 6, if and only if the likelihood
L(8,8,)=L(y1, y2, - .., yx|8,6,) be factored into two nonnegative functions,

L(¥,¥2, .-, )’n|91,92).= g(ul,uz,, 91,92) X A(Y1, Y2545 Yn)
where g(#,,4,, 6,6,) is a function only of u,,u,,6,,8, and A(yy, y2,...,y,) is not a
function of & and 6, .

THEOREM 9.5

The Rao-Blackwell Theorem Let # be an unbiased estimator for @ such that
V(@) < oo. If U is a sufficient statistic for @, define 6* = E(8 | U). Then, for
all g,

E@)=6 and V() <V(®).

Method of Moments

Choose as estimates those values of the parameiers Wnai aie solutions of the
equations u, = mj, fork = 1,2, ...,¢, where ¢ is the number of parameters
to be estimated.

Method of Maximum Likelihood

Suppose that the likelihood function depends on k parameters &1, 65, ..., &.
Choose as estimates those values of the parameters that maximize the likelihood

L(}’l, y2s'--s }’n|91,92a---,9k)-



The Elements of a Statistical Test

1. Null hypothesis, Hy

2. Alternative hypothesis, H,
3. Test statistic

4. Rejection region

DEFINITION 10.1

A type I error is made if Hy is rejected when Hy is true. The probability of a
type I error is denoted by «. The value of @ is called the level of the test.

A type II error is made if Hy is accepted when H, is true. The probability
of a type II error is denoted by 8.

Large-Sample a-Level Hypothesis Tests
H{) S — 90.
0 > 6y (upper-tail alternative).
i, [ 6 < 6y (lower-tail alternative).
8 # 6y (two-tailed alternative).
Test statistic; Z = ° 90.
g4
{z > z4} (upper-tail RR).
Rejection region: { {z < —z4} (lower-tail RR).
{lz| > zaj2} (two-tailed RR).

Sample Size for an Upper-Tail c-Level Test
- (Zu = Zﬂ)zﬁz
(ﬂ'a - Ju'D)z

DEFINITION 10.2
If W is a test statistic, the p-value, or attained significance level, is the small-

est level of significance « for which the observed data indicate that the null
hypothesis should be rejected.

A Small-Sample Test for

Assumptions: Y, Y3, ..., Y, constitute a random sample from a normal
distribution with E(Y;) = pu.
Hy:p = po.

< g (lower-tail alternative).

> fio (upper-tail alternative).
H;: [
B Mo {two-tailed alternative).

. Y — g
Test statistic: T = .
Sfdn
t=1 (upper-tail RR).
Rejection region: I t < —ty (lower-tail RR).
] > tasa (two-tailed RR).

(See Table 5, Appendix 3, for values of #,, withv =n — 1 df.)



Small-Sample Tests for Comparing Two Population Means
Assumptions: Independent samples from normal distributions with o? = o2.

Hy:py — pa = Dy.
w1 — p2 > Dy (upper-tail alternative).
H: I 1 — us < Dy (lower-tail alternative).
w1 — pg # Dy (two-tailed alternative).

= L o
Y,-Y; Dn,whereSp=\/(n1 1)85 + (n2 1)52_

Test statistic: T =

i -2
Spfi+1 ny +n
1>t (upper-tail RR).
Rejection region: I t < —1, {lower-tail RR).
[t] > tay2 (two-tailed RR).

Here, P(T > t,) = o and degrees of freedom v = n; + ny — 2. (See
Table 5, Appendix 3.)

Test of Hypotheses Concerning a Population Variance

Assumptions: Y1, ¥, ..., Y, constitute a random sample from a normal
distribution with
E(Y)=p and V(I)=o>.
Hy:02 = ag
0? >0}  (upper-tail alternative).
H,:3 02 <a?  (lower-tail alternative).
o2 #02  (two-tailed alternative).

n—1)§2
Test statistic: x2 = %
9%
10 (upper-tail RR).
Rejection region: ¥ < X12_,,, (lower-tail RR).
Prxipotxt<xf . (two-tailed RR),

Notice that x2 is chosen so that, forv =r — 1 df, P(x2 > 32 = .
(See Table 6, Appendix 3.)

DEFINITION 10.3

Suppose that W is the test statistic and RR is the rejection region for a test of
a hypothesis involving the value of a parameter 6. Then the power of the test,
denoted by power(8), is the probability that the test will lead to rejection of Hy
when the actual parameter value is 8. That is,

power(f) = P(W in RR when the parameter value is 8).

Relationship Between Power and 3
If 4, is a value of @ in the alternative hypothesis H,, then

power(6,) = 1 — B(6a).
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